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Abstract. Homogenization of integral functionals is studied under the constraint that admissible maps 
have to take their values into a given smooth manifold. The notion of tangential homogenization is defined 
by analogy with the tangential quasiconvexity introduced by Dacorogna, Fonseca, Maly & Trivisa [12]. 
For energies with superlinear or linear growth, a T-convergence result is established in Sobolev spaces, the 
homogenization problem in the space of functions of bounded variation being the object of [3] . 
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1. Introduction 

The homogenization theory aims to find an effective description of materials whose heterogeneities 
scale is much smaller than the size of the body. The simplest example is periodic homogenization 
for which the microstructure is assumed to be periodically distributed within the material. In the 
framework of the Calculus of Variations, periodic homogenization problems rest on the study of 
equilibrium states, or minimizers, of integral functionals of the form 



under suitable boundary conditions, where f2 C K w is a bounded open set and / : x R dxN — > 
[0, +oo) is some oscillating integrand with respect to the first variable. To understand the asymp- 
totic behavior of (almost) minimizers of such energies, it is convenient to perform a T-convergence 
analysis (see [13] for a detailed description of this subject) which is an adequate theory to study 
such variational problems. It is usual to assume that the integrand / satisfies uniform p-growth 
and p-coercivity conditions (with 1 < p < +oo) so that one should ask the admissible fields to 
belong to the Sobolev space W l,p . For energies with superlinear growth, i.e., p > 1, this problem 
has a quite long history, and we refer to [20] in the convex case. Then it has received the most 
general answer in the independent works of [7] and [21], showing that such materials asymptoti- 
cally behave like homogeneous ones. These results have been subsequently generalized into a lot 
of different manners. Let us mention [9] where the authors add a surface energy term allowing 
for fractured media. In that case, Sobolev spaces are not adapted to take into account eventual 
discontinuities of the deformation field across the cracks. 

In many applications admissible fields have to satisfy additional constraints. This is for example 
the case in the study of equilibria for liquid crystals, in ferromagnetism or for magnetostrictive 
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materials where the order parameters take their values into a given manifold. It then becomes 
necessary to understand the behaviour of integral functionals of the type (1.1) under this additional 
constraint. For fixed e > 0, the possible lack of lower semicontinuity of the energy may prevent the 
existence of minimizers (with eventual boundary conditions). It leads to compute its relaxation 
under the manifold constraint. In the framework of Sobolcv spaces, it has been studied in [12,1], 
and the relaxed energy is obtained by replacing the integrand by its tangential quasiconvexification 
which is the analogue of the quasiconvex envelope in the non constrained case. We finally mention 
a slightly different problem originally introduced in [10,5], where the energy is assumed to be finite 
only for smooth maps. Recent generalizations can be found in [18] where the study is performed 
within the framework of Cartesian Currents (see [19]). It shows the emergence in the relaxation 
process of non local effects of topological nature related to the non density of smooth maps (see 
[4,6]). 

The aim of this paper is to treat the problem of manifold constrained homogenization, i.e., the 
asymptotic as e — > of energies of the form (1.1) defined on manifold valued Sobolev spaces. Let 
us make the idea more precise. We consider a connected smooth submanifold M of R d without 
boundary. The tangent space of M at a point s e M will be denoted by T S (M). The class of 
admissible maps we are interested in is defined as 

W 1 ' P (Q,;M) := {u g W lj, (Sl;R d ) : u(x) g M for C N -a.e. x g n} . 

For a smooth .M-valucd map, it is well known that first order derivatives belong to the tangent 
space of M. For u 6 VF 1,p (f2; M), this property still holds in the sense that Vu(x) e [T U ^(M)] N 
for C N -a.c. x e ft. 

The energy density / : M N x M. dxN — ► [0, +oo) is assumed to be a Caratheodory integrand 
satisfying 

(Hi) for every £ g R dxN the function /(•,£) is 1-periodic, i.e., if {ei, ejv} denotes the canon- 
ical basis of R N , one has f(y + e i: £) = f(y, £) for every i = 1, . . . , N and y g R N ; 

(H2) there exist < a < (3 < +00 and 1 < p < +00 such that 

a\£\ p < f(y, < 13(1 + for a.e. y g R N and all £ g M. dxN . 

For e > 0, we define the functionals T e : Z7(ft;R d ) -> [0, +00] by 

f //(-, W) dx if u g W 1 'P(Q,;M), 
T e (u) := <Jn Ve ' 

\ +00 otherwise . 

For energies with superlinear growth, we have the following result. 

Theorem 1.1. Let M be a connected smooth submanifold ofR d without boundary, and f : M. N x 
M. dxN — > [0, +00) be a Caratheodory function satisfying (Hi) and (H2) with 1 < p < +00. Then 
the family {^ r e } e >o ^-converges for the strong LP -topology to the functional J-h om : L p (il:M. d ) — ► 
[0, +00] defined by 

, , ( [ Tf hom (u,Vu)dx ifueW 1 'P(Q;M), 
^hom(«) := < Jn 

[ +00 otherwise , 

where for every s g M. and £ G [T S (A4)] N , 

T/ hom (s,0= lim inf(/ f(y, £ + V<p(y)) dy : p g W 1,oo ((0, t) N ; T S (M))\ (1.2) 

is the tangentially homogenized energy density. 

If the integrand / has a linear growth in the ^-variable, i.e., if / satisfies (H2) with p = 1, we 
assume in addition that A4 is compact, and that 
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(H 3 ) there exists L > such that 

l/(y,0 - < i|€ - CI for a.e. yeR K and all £, £' € M dxJV . 

Then the following representation result on W 11 (Sl; M) holds: 

Theorem 1.2. Let M be a connected and compact smooth submanifold o/R d without boundary, 
and f : M. N x M. dxN — > [0, +oo) 6e a Caratheodory function satisfying (Hi) to (H3) with p = 1. 
TTien i/ie family {T £ } £> q T-converges for the strong L 1 -topology at every u G W /1 ' 1 (Q;.M) to 
fhom : W^ty-M) -» [0,+oo), where 

Fhom(u) := / Tf hom (u,Vu)dx , 

and T/hom «s given &y (^••Sj- 

We would like to emphasize that the use of hypothesis (H3) is not too restrictive. Indeed, the 
r-limit remains unchanged upon first relaxing the functional T e (at fixed e > 0) in W 1 ' 1 (Sl;M. d ). 
It would lead to replace the integrand / by its tangential quasiconvexification which, by virtue of 
the growth condition (-Hi), does satisfy such a Lipschitz continuity assumption (see [12]). 

We finally underline that Theorem 1.2 is not completely satisfactory in its present form. Indeed, 
in the case of an integrand with linear growth, the domain of the r-limit is obviously larger than 
the Sobolev space W 1,1 (SI; Ai) and the analysis has to be performed in the space of functions of 
bounded variation. In fact Theorem 1.2 is a first step in this direction and the complete study in 
BV-sp&ces can be found in [3]. 

The paper is organized as follows. The study of the energy density T/h om and its main properties 
are presented in Section 2. A locality property of the T- limit is established in Section 3. The upper 
bound inequalities in Theorems 1.1 and 1.2 arc the object of Section 4. The lower bounds are 
obtained in Section 5 where the proofs of both theorems are completed. 



Notations 

We start by introducing some notations. Let SI be a generic bounded open subset of R N . We denote 
by A(Sl) the family of all open subsets of SI. We write B k (s,r) for the closed ball in R k of center 
set' and radius r > 0, Q := (—1/2, 1/2) N the open unit cube in R N , and Q(xo, p) ■= xq + pQ. 

The space of real valued Radon measures in SI with finite total variation is denoted by A4(Sl). 
We denote by C N the Lebesgue measure in R N . If fi € M.(Sl) and A e M(Sl) is a nonnegative Radon 
measure, we denote by the Radon-Nikodym derivative of /z with respect to A. By a generalization 
of Bcsicovitch Differentiation Theorem (see [2, Proposition 2.2]), there exists a Borel set E such 
that \{E)=Q and 

*£(x) = lim /f(Q(gl£)) 
d\ [ ' P ^o+ \{Q(x,p)) 

for all x G Supp p\E. 



2. Properties of the homogenized energy density 

In this section we present the main properties of the energy density T/h om defined in (1.2). We 
consider the bulk energy density 

T/ hom (s,0 := liminf inf J / f{v,Z + V<p(y))dy : V G W 1,oo ((0, t) N ; T S (M)) 

defined for s e M and £ G [T S (M)] N . Our first concern is to show that the liminf above is actually 
a limit. To this purpose we shall introduce a new energy density / for which we can apply classical 
homogenization theories. 
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For s E M we denote by P s : R d — > T S (.M) the orthogonal projection from R d into T S (.M), and 
we set 

P a (0 := (P.(£i), • • • , P.(6v)) for £ = (6, ■ • • ,6v) G R dxN . 

Given the Caratheodory integrand / : x R dxN — ► [0, +00) satisfying assumptions (Hi) and 
(#2) with 1 < p < +00, wc define f:R N xMx R dxN [0, +00) by 

f(y, s, := /(y, P a (0) + |£ - P S (£)I P • (2-1) 

The new integrand / is a Caratheodory function, and f(-,s,£) is 1-periodic for every (s,£) E 
M x R dxN . By assumption (H 2 ), f also satisfies uniform p-growth and p-coercivity conditions, 
i.e., 

a'ICr < /(l/, *, < + |CI P ) for every (a, £,) E M x R dxN and a.e. y E R N , (2.2) 
for some constants < a' < /?' < +00. 

Proposition 2.1. Let / : l w x M dxAr — ► [0, +00) be a Caratheodory integrand satisfying (Hi) and 
(H2) with 1 < p < +00. Then the following properties hold: 

(i) for every s E M and £ E [T S (M)] N , 

Tf hom (s,0= lim inf|/ /(y, £ + V(p(y)) dy : (p E Wq'°°((0, 4)^; T S (.M)) 1 , 

and 
where 

fhom(s,0~ lim inf(/ /(*/, «, € + Vp(j,)) dy : p £ W 1,oo ((0, t) N ; R d ) } 

is the usual homogenized energy density of f (see, e.g., [8, Chapter H]); 

(ii) the function T/h om is tangentially quasiconvex, i.e., for all s E M and all £ E [T S (M)] N , 

T/hom(s,0< / Tf hom (s,t + Vp(y))dy 
JQ 

for every ip E W '°° (Q;T s (A / t)) . In particular T/hom^, •) is rank one convex; 
(Hi) there exists C > such that 

<T/ hom ( a ,0</3(l + |£| p ), (2.4) 

and 

iT/ hom ( S ,o - T/ hom ( S ,e')i < c(i + itr 1 + ic'r 1 )^ - a (2.5) 

/or every s E M and f E [T S (M)] N . 
Proof. Fix s E M and £ E [T S (M)] N . For any t > 0, we introduce 

T/ t (s,0 := inf ( / f(y,£ + V<p) dy : <p E W*'°°((0, t) N ; T S (M))\ , 

and 

/*(«, := inf ( / f(y, s, £ + Vy>) dy : <p E W 1>oo ((0, t)"; R d ) } . 
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By classical results (see, e.g., [8, Proposition 14.4]), there exists 

lim f t (s, for every s e jV( and £ G [T S (M)] N . 

t — >+oo 

Hence to prove (i), it suffices to show that Tf t (s,£) = /t(s,£) for every t > 0. For any 95 G 
T^ 1 ' oo ((0,t) Ar ;T s (>[)), we have 

ft{s,0<-f J(y, S ,t + V^)dy = -f f(y,Z + V<p)dy, 
J(o,t) N J(o,t) N 

since £ + Vip(y) G [T S (M)] N for a.e. y G (0,t) N . Taking the infimum over all such tp's in the 
right hand side of the previous inequality yields /t(s,£) < T/ t (s,£). To prove the converse in- 
equality we pick up ip G W '°°((0, i) w ; M. d ) and we set r/S = P s (ip). One easily checks that 
i> G Wo'°°({0,t) N ;T s (M)) and = P S (V^) a.e. in (0,t) N . Therefore 

T/t(*,0</ f(v,Z + V$)dy = -f f(y,P s (Z + ViP))dy<-f f(y,s,^ + W^)dy. 
J(o,t) N J(o,t) N J(o,t) N 

Then the converse inequality arises taking the infimum over all admissible ip's. 

By standard results /hom(s, •) is a quasiconvex function for every s G M (sec, e.g., [8, The- 
orem 14.5]). As a consequence, for any s G M, £ G [T^X)^ and y> G W 1,oo (Q; T S (A4)), we 
have 

T/hom(s,6 = /hom(s,6< / 7hom (*, £ + V^) dy = [ T f hom (s , £ + V ip) dy , 

which proves that T/h om is tangentially quasiconvex. As a consequence of (2.3) and the fact that 
/hom(s, •) is rank one convex, it follows that T/h om (s, ■) is rank one convex as well. 

The proof of (2.4) is immediate in view of (Hi) and the definition of T/h om - Moreover rank one 
convex functions satisfying uniform p-growth and p-coercivity conditions are p-Lipschitz (see, e.g., 
[11, Lemma 2.2, Chap. 4]), and thus (2.5) holds. □ 

Remark 2.1. It readily follows from the previous proof that Proposition 2.1 still holds for any 
Caratheodory integrand / : R N x M x R dxN — » [0, +00) instead of /, provided that: f(x, s, £) = 
/(y,0 for every s G A4, every £ G [T S (M)] N and a.e. y G M w ; /(•, s, •) satisfies (Hi) and (iJ 2 ) for 
every s£M with uniform estimates with respect to s. 

Remark 2.2. If dim(Al) = 1 then T S (A4) is a one dimensional linear subspace of M. d for every 
s G A4. Hence, given s G M, we can identify T S (A^) with M through some linear mapping i s : 
R — > T S (M). Using the application i s , we can also identify [T s (Ai)] N with setting for z = 
(zi,...,z N ) G R N , i s (z) := (i s (zi),...,i s (z N ))- Define f(y,s,z) := f(y,i s (z)) for (y,s,z) e ft x 
Al x M w . By (2.3) and [8, Remark 14.6], we can replace in formula (1.2) homogeneous boundary 
conditions by periodic boundary conditions, and the limit as t — > +00 by the infimum over all 
t G N. Moreover, in the scalar case the homogenization formula can be reduced to a single cell 
formula (see, e.g., [8, Chapter 14]). Therefore 

TAom(*,0 = inf inf J / f(y,£ + V^)dy : <p G W^°°((0, t) N ; T S (M)) \ 

= inf inf J / /(y, s, ^(0 + V0) dy : <fi £ W^°°((0, t) N ) 1 
teN 1/(0,*)" J 

= inf I /(y, s, z; 1 ^) + V0) dy : (j) £ W^°°(Q) 
= inf [J f(y,£ + V<p)dy : V € W^°°(Q;T S (M))} . 
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This remark states that whenever the manifold A4 is one dimensional, test functions in the min- 
imization problem (1.2) are in fact scalar valued, and thus, one can compute the tangcntially 
homogenized energy density over one single cell instead of an infinite set of cells. Note that this 
is not true in general even in the non constrained case (see, e.g., the counter-example in [21, 
Theorem 4.3]). 

We conclude this section with an elementary example where the dependence on the s-variablc 
is explicit. It shows that tangential homogenization does not reduce in general to standard homog- 
enization. The construction is based on a rank one laminate for which direct computations can be 
performed. 

Example 2.1. Assume that M = S 1 and for x G M w , £ = eR 2xff , 

/(^0=E(a^i)l^| 2 +^i)l^| 2 ), 

where a, b G L°°(R) are 1-periodic and bounded from below by a positive constant. Arguing as in 
Remark 2.2 and [13, Example 25.6], one may compute for s = (si,s 2 ) G S 1 and £ G [T^S 1 )]^, 

N 

T/hom( S ,£)=E^( S )(l^| 2 + l^| 2 ) ) 



with 

r 1 ' 2 dt 



aj {s) 



L/2 «VJ'° 2 

1.1/2 
-1/2 

Compare this result with [13, Example 25.6]. 



if .7 = 1, 



1/2 a(t)s% + b{t)s{_ 

/L/2 
(a(t)s 2 . + b(t)s 2 ) dt otherwise . 
-1/2 



To treat the homogenization problem with p = 1, we will need to extend the function / to the 
whole space x M. d x M. dxN . We state in the following lemma our extension procedure. 

Lemma 2.1. Assume that M. is compact. Let f : R N x R dxJV — > [0, +oo) be a Caratheodory 
function satisfying (Hi) to (H 3 ) with p = 1. Then there exists a Caratheodory function g : M. N x 
I J xI M ^ [0, +oo) such that 

9(v,s,0 = f(v,0 for s G M and £ G [T S {M)] N , (2.6) 

and satisfying : 

(i) g is 1-periodic in the first variable; 
(ii) there exist < a' < (3' such that 

a'\Z\<9(y,s,t;)<[3'(l + \li\) (2.7) 

for every (s,£) G R d x R dxN and a.e. y G R N ; 
(Hi) there exist C > and C > such that 

\g(y,s,i;)-g(y,s',Z)\<C\s-s>\ |£|, (2.8) 

and 

\9(v,8,Q-9(v,8,?)\<C\£-£'\ (2.9) 
for every s, s' G R d , every £ G M. dxN and a.e. y G R w . 
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Proof. For S > fixed, let U := {s g R d : dist(s,M) < S } be the ^-neighborhood of M. 
Choosing So > small enough, we may assume that the nearest point projection II : U — > M. is 
a well defined Lipschitz mapping. Then the map s g hi i— > fn(s) is Lipschitz. Now we introduce 
a cut-off function x G C~(M d ; [0, 1]) such that X {t) = 1 if dist(s,M) < S /2, and X (s) = if 
dist(s, M) > 3<5 /4. We define 

P s (0 := x(s)Pn W (0 for (*,£) £l d x K dxiv . 

We consider the integrand 5 : l w x K d x R dxN -> [0, +oo) given by 

<KiM,o = /(tf,p.(0) + ie-p.(oi- 

One may check that g is a Caratheodory function, that g(-,s,£) is 1-periodic for every (s,£) G 
M d x K d'xw ; and that yields (2.7). Then (2.8) and (2.9) follow from (H 3 ) and the Lipschitz 
continuity of s W s . □ 

Remark 2.3. In view of (2.6), one may argue exactly as in the proof of (2.3) to show that 

Tf hom (s, = g hom (s, for every sGMand^G [T S (M)] N , (2.10) 

where 

ffhom(*,0~ t lim inf |/ 9(y,s,S + V<f(y))dy : <peW*'°°((0,t) N ;R d )\ . 

Hence upon extending T/ hom by ffhom outside the set {(s,£) g K d xR dxJV : seM,(e PUAl)]^}, 
we can tacitly assume T/h om to be defined over the whole R d x R dxN . 



3. Localization 

In this section we show that a suitable functional larger than the T-limit is a measure. It will 
allow us to obtain the upper bound on the T-limit (see Lemma 4.1) through the blow-up method 
introduced in [15,16]. 

Let us consider an arbitrary sequence {e n } \ + . Along this sequence we define the T(L p )-lower 
limit T : LP{Q; R d ) [0, +ooj by 

T{u) := inf (liminf T £n (u n ) : u n g W l ' p {Vt; M) , u n -» u in L P {VL- R d ) \ . 

The idea is to localize the functional {^ r e „}neN on the family A(fl) of all open subsets of ft. For 
every u g L P (Q; R d ) and every A g A(Q), define 



J f (j-,Vt?jdx ifwg W^^M) 



Given a compact set JC C M. and a subsequence {£&} := {e nfe } \ + , we introduce for u g 
W 1 ' p (0; .M) and A g .4(0), 

•T 7 ^ fc} (u, A) := inf J limsup ^ fe K, A) : u fe u weakly in W hp (rt;R d ) , 

{«fc} I fe^+oc 

U/t — > m uniformly and Ufe(a;) = m(x) whenever dist (w(x), /C) > 1 for a.c. x g SI | . 
A key point in the upcoming analysis is the following locality result. 
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Lemma 3.1. For every u G Vt /1 ' p (fi; M), there exists a subsequence {ek} such that the set function 
Tfc k ^ {u, ■) is the restriction to A(Q) of a Radon measure absolutely continuous with respect to the 
Lebesgue measure C N . 

Proof. ^From the p-growth condition (H 2 ) we infer that for any subsequence {£&}, 

T { K £k} (u,A) <p [ (l + \Vu\P)dx, (3.1) 

J A 

so it remains to prove the existence of a suitable subsequence {sk} for which J-^ k ^ (u, •) is (the 
trace of) a Radon measure. 

Step 1. We start by proving that for any subsequence {e^} the following subadditivity property 
holds: 

Tt } (u,A)<Tt } (u,B)+Ft } (u,A\C) (3.2) 

for every A, B and C G A(Q) such that C <Z B <Z A. Given rj > arbitrary, there exist sequences 
{uk}, {vk} C W 1,p {^t]M) such that Uk and Vk converge weakly to u in W 1,p (17; R d ), Uk(x) = 
Vk{x) = u(x) if dist (u(x), JC) > 1 for a.e. x G O, Uk and Vk are uniformly converging to u, and 

'limsup T £k (u k ,B) < T^ k} (u, B) + r, , 
lim sup T £k (v k , A \ C) < T^ k} («, A \ C) + r, . 

K k — > + oo 

Let fC' :— {s e M : dist (s,/C) < l}, then K! is a compact subset of M and Uk{x) = Vk(x) = u(x) 
if u(x) $ KJ for a.e. x G 17. 

Consider L := dist(C, dB), MeN, and for every i G {0, . . . , M} define 

B t := \x G B : dist(x,dB) > ^ 



Given i E {0, . . . , M — 1} let Si := Bi \ and ^ G C^°(f7; [0, 1]) be a cut-off function satisfying 

, . fl in , , , 2M 

Ci* = n . \ R and VCi <- r . 

By Lemma 3.2 and Remark 3.3 in [12], there exist 5 > 0, c > 0, and a uniformly continuously 
diffcrentiable mapping $ : x [0, 1] — > .M, where 

•D<5 := {(so, si) G x : dist(s ,/C') < (5, dist(si,/C') < <5, |s - Si| < 5} , 

such that 

$(s ,si,0) = s , $(so,si,l) = si , — (s ,si,t) < c|s - si| , (3.4) 

and 

|$(s ,si,i) - sol < c|s - si| . (3.5) 

Since {uk} and {vk} are uniformly converging to u, one can choose A; large enough to ensure that 

\\u k - u|U~(o.;R<i) < S , ||«fc -u||i,oo(n ;R d) < 5 and ||u fc - Ufe||L~(Q ; R<i) < <5 • 

Therefore for a.e. x E ft, dist(wfc(x), K,') < S and dist(wfe(a;), K,') < S whenever u(x) G K! . Now we 
are allowed to define 



u>k,i(x) := 



$(v k (x),u k (x),(i(x)) \{u{x)&K'. 
u(x) if m(x) /C' . 
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and Wk,i € W 1,p (£l; M). Using the p-growth condition (H 2 ) together with (3.4), we derive 



f ^,V^,ij dx < f ^,V Mi J dx + J A 



f — ,Vw fc dx + 

A\C \ £ k J 

+ C Q [ (1 + \Vu k \P + \Vv k \P + MP\u k - v k \P) dx , 

J St 

for some constant Co > independent of k, i and M. Summing up over i e {0, . . . , M — 1} and 
dividing by M yields 

M-l 

a; \ . / „ / x 



1 /" /a; 

M^J A f W 



Vw kyi ) dx < I / — , Vu fe ) dx + / / — , Vufc ] (fa: + 
s \ £ fc / Ja\c \ £ k 



+ 17 I (l + Nu k \P + \Vv k \P + MP\u k -v k \P)dx. 
M Jb\c 

Hence one may find some i k g {0, . . . , M — 1} such that w k := w ktik satisifies 
J J ^,Vw^) dx< jj ^,Vu k ^j dx + j^_f (j>V^ dx + 

+ 17 I (l + Nu k \P + \Vv k \P + MP\u k -v k \P)dx. (3.6) 

M JB\C 

^From (3.4) and (3.5) we deduce that w k —> u uniformly, w k — 1 u in VF 1,p (ri; R d ), and w k {x) = u(x) 
if dist(w(a;), /C) > 1 for a.e. i £ fi. Taking as competitor for T^ k ^ (u, A), and using (3.6) 

together with (3.3) leads to 

T^ Ek} (u,A) < limsup T eh {w k ,A) 

k— » + oo 

< limsup I J : €k {u k ,B) + J 7 €k (v k ,A\C) J r 

k—>-\-oc ^ 

+ 17 I 0- + |V«fc| p + \Vv k \P + MP\u k - v k \P) dx] 
M Jb\c ' 

< Fj c Ek} (u,B)+Tj c Ek} (u,A\C) + 2 V + 

+ 17 SU P / (± + \Vu k \P + \Vv k \P)dx. 
M ke n Jb\c 

Then property (3.2) arises sending first M — ► +oo, and then r/ — > 0. 

Step 2. Now we complete the proof of Lemma 3.1. Using a standard diagonal argument, we 
construct a subsequence {e k } \ + and a sequence {u k } C W 1,p (0, M) satisfying 

lim T ek (u k ,fl) = inf I liminf T £k (v k ,fl) : v k — 1 u weakly in VK 1,p (f2; K d ) , 

«fe — > u uniformly and v k (x) = u(x) whenever dist (u(x), K,) > 1 for a.e. a; S f2 1 . 



in ^ £fc v«/c, — ^ 

of a further subsequence, we may assume that 



By construction of {e k } and {u k }, we have lim J r ek (u k ,tt) = Fj^ k (u,Vt). Up to the extraction 



/ ( — ,Vw fe ) £ iV Lfi A pl in M(Q) , 



for some nonnegative Radon measure /U, G Al(fi). By lower semicontinuity, we have 

Sk (u k ,n) = 



Ai(fi) < lim T Zk (u k , 0) - } (u, SI) 
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We claim that 



T^ k} (u, A) = fi(A) for any A G A(Sl) . 



in view of (3.1), C G A(Sl), C CC A, such that F^ k} (u,A\C) < rj. Then inequality (3.2) implies 



We fix A G A(SY) and we start by proving the inequality "<" . Given -q > arbitrary we can select, 
in view of (3.1), C G A(Sl), C GC A, sue 
that for any B G A(Sl), C CC B CC A, 

T^ £k} {u,A) < ?7 + limsup F Sk (u k ,B) < r, + fi(B) <r] + fi(A), 

and the conclusion follows from the arbitrariness of r\. 
Conversely, for any B G A(Sl), B CC A, we have 

/i(fi) <^ £fc} (u,0) <^ £fc} (u, J 4)+^ £fc} (u,0\B) < 

< T { ^ k} (u, A) + M (ft \ 5) < J^ fc} («, A) + - M (B) . 

Therefore /i(-B) < J^ k ^(u, A) and the conclusion follows by inner regularity of /U. □ 
4. The upper bound 

We now make use of the previous locality result to show the upper bound. This will be done thanks 
to a blow-up analysis in the spirit of [12, Theorem 3.1]. 

Lemma 4.1. For every p G [1, +oo) and u G W 1 ' p (Sl; M), we have T(u) < Jhom(«) • 

Proof. Step 1. Let u G W l - p (Sl;M). Given R > arbitrary large, we set K := M D B d (0,R), 

and we consider the subsequence {st} given by Lemma 3.1. Obviously F(u) < T^ £k} (u,Sl). We 
claim that 

T { K £k} (u, SI) < {xr{H) Tf hom (u, V«) + /3(1 - xr(\u\)) (1 + \Vu\ p ) J dx , (4.1) 

where Xn{t) = 1 for i < i? and XflW = otherwise. We postpone the proof of (4.1) to the next 
step, and we complete now the proof of Lemma 4.1. 

Consider a sequence Rj — > +oo as j — > +oo. Since Xitj — > 1 pointwise, we deduce from Fatou's 
lemma together with (2.4) that 

^( U )<limsup f ( Xfl3 (| U |)T.f hom ( U ,V U )+/3(l-Xi? J (|w|))(l + |V U | p )ldx< 
j^+oo Jn I J 



< / Tf hom (u,Vu)dx , 
Jo 



which is the announced estimate. 

Step 2. Thanks to Lemma 3.1, to obtain (4.1) it suffices to prove that 

dT^(v A 

dC» ' {Xo) ~ X«(l u (^)l) T /hom(u(xo),V w (x )) + 0(1 - X fl(|«(a;o)|))(l + |V«(a;o)| p ) 
for C N -a.e. x G SI . 

Let xo G SI be a Lebesgue point of u and Vu such that u(xo) G M, Vu(x ) G P^xo) (M)] N , 

and the Radon-Nikodym derivative of T^ k ^ (u, •) with respect to the Lebesgue measure C N exists. 
Note that almost every points in SI satisfy these properties. Now set s := u(x ) and £ '■— Vu(xq)- 
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Case 1. Assume that s £ K,. Then, using (#2), we derive that 

djj ek} (u,-) f jj ek} (u,Q(x , P )) _ N 

— ^— jz (x ) = hm — ^ tt < km sup limsup p T 6k (u, Q(x , p)) < 



< hm 4 / (l + \\7undx = p(l + \^) 

P^0+ p Jn(x ,p) 



which is the desired estimate. 



Case 2. Now we assume that so G /C. Fix < rj < 1 arbitrary. By Proposition 2.1, claim (i), there 
exist j G N and ip G W 1,oc ((0, j)^; T So (.M)) such that 

/ f(y,Zo + V<p(y))dy <Tf hom (s ,Zo)+V- (4.2) 

Extend (/? to by j-periodicity, and define <fik(%) '■= £o % + £k<p{x/ '£k)- 

Let W be an open neighborhood of .A/f such that the nearest point projection II : U — ► M. defines 
a (^-mapping. Fix a, S G (0,1) such that B d (s 0} 2So) C and consider 5 = <5(<t) G (0, <5o) for 
which 

|Vn(s) - Vn(s')| < a- for all s, s' G B d {s , S ) satisfying \s - s'\ < 6 . (4.3) 
Next we introduce a cut-off function £ G C^°(M. d ; [0, 1]) satisfying 

( 1 for x G B d (0, (5/4), r 
C(x) = <^ with |VC|< T , 

[0 for x <£B d (0,5/2), 

and we define 

w k (x) := u(x) + s k ((u(x) - s )tp(x/£ k ) . 

Let fco G N be such that 

f II II IIV7AII 2£ fc|MU~((0,j) JV ;IK< 1 ) 1 , r , . , ,. ,s 

max^£ fe ||vj|| L oo(( 0)j )jv. R d)||VC||i,oo( R d. M d), — \ < any - °- ' ) 

Define for every k > ko, 

u k (x) := Tl(w k (x)) . 

Remark that by (4.4), for a.e. x G ft and all k > ko, one has w k (x) G B d (so,S) whenever 
\u(x) — s | < 5/2 while w k (x) = u(x) when |u(a;) — s > <5/2. Hence u k is well defined, {life} C 
W 1,p {tt\ M), and for a.e. x G f2, Ufe(x) = whenever dist (u(x), /C) > 1. Moreover, 

IK - w||L~(n;R^) = ll n (wfe) - n(u)|| L oo ({ |„_ ;So | <( 5 /2} . R£ i ) < 

< £fe ||vn|| i oo( B d( SOi j ) ;R d)||vj||i,oo((o 1 _ 7 -)Jv. R d) — > o 

as fc — > +oo. Now the Chain Rule formula yields 

Vufe(x) = VII(w7fc(a;))^Vu(x) + e k (ip(x/s k ) ® VC(«(ar) - s ))Vu(x) + 

+ C(w(a:) - s )V(p(x/e k )j , 

and consequently 

\Vu k (x)\ < ||Vn|| L oo( B d( SOi5o);R d)((l +£fe||^||i,~((o,j)Jv ;R d ) ||VC||i,oo (R d ;R d ) )|Vu(a;)| + 

+ l|V^||l,oo((0 1 j)JV. R dxN)^ . 
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By (4.4) it follows that for any k > ho, 

|Vu fc (aO| <C (|Vu(aO- 6>| + 1) ( 45 ) 
for some constant Co = Co(s , Co, S 0} rj) > independent of x and k. Hence the sequence {u k } is 
uniformly bounded in W 1,P (Q; R d ) so that u k u in W 1 ' p (fl; R d ). 
Then we observe that |Vufc| < 2Co a.e. in {\Vu — Co| < cr} while 

l|V^fc|j L oo( n . R dxJV) < |Co + ||Vv||L oo ((0,j) JV ;M d x JV ) ■ 

Set 

M := max {2C , |€o| + II V(p|| L oo ((0j) «. Rd x« ) } , (4.6) 
(which only depends on s , Co, <$o and f?) so that 

|Vu fc |<M and |V<p fe | < M a.e. in {|Vu - Co| < <?-} . (4.7) 
Next for a.e. x E {\u — s \ < <5/4} n {|Vu — Col < cr}, we have ((u(x) — s ) = 1 and 
|Vu fc (a:) - Vip k {x)\ < \VU{w k )Vu{x) - Co| + |Vn( Wfe )V^(a;/e fe ) - V<p(a;/£ fe )l 
< |Vn( Wfe ) - Vn(s )| |Vu(a;)| + |Vn(a )| |Vu(a;) - Co| + 

+ |vn(w fe ) - vn(s )| ||v^|| L oo(( 0); ,-)Jv. R dxiV) , 

where, in the last inequality, we have used the fact that Vn(so)V<p(y) = V<p(y) since V<p(y) E 
[T So (M)] N for a.e. y E R N . Using (4.3) and the fact that \w k - s \ < S a.e. in {\u - s \ < 
8/4} n {|Vm - Col < cr}, we deduce 

|V« fc (a;) - V<p k (x)\ < (\Vu(x)\ + |Vn(s )| + ||V^|| i oo ((0iJ -)^. R< ix W) )<r < da (4.8) 

for a.e. x E {\u — s | < (5/4} n {\Vu — Co| < cr}, where C\ — Ci(s , Co, So, v) > is a constant 
independent of cr, k and x. 
Now we estimate 

<vj Ek} M (r ) _ 4 £fc} KQ(w)) 

s , U' ,(£ 

p^0+ fe^+oo P Jq(x ,p) \ £ k 



< lim sup lim sup — / / ( — , Wu k ) dx 



< lim sup lim sup — f f ( — , \7u k ) dx 

Jc 



x 

p^0+ fc^+oc P N jQ(x ,p)n{\u-s \>5/4,} \ £ k' 

im sup lim sup — ^ / f ( — , 

p^0+ fc^+oc P jQ(x ,p)n{\u-s a \<S/4}n{\Vu-ta\<cr} \ £ k 



+ lim sup lim sup — / / [ — , Vu k ) 

= :h+h+h. (4.9) 
Thanks to (4.5), the p-growth condition (ff 2 ) and our choice of Xo, we have 

h < Climsup-^r f (1 + \Vu(x) - Zo\ p ) dx 

p^0+ P JQ(xa,p)n{\u-s a \>S/4} 

<Climsup-/ |Vu(ar) - Co| p dx + limsup -/ |u(a;) - So| cfe = , (4.10) 

p^q+ Jq(xq,p) o p ^o+ Jq( x „,p) 

while 

/ 3 <Climsup-^ / (I + \Vu(x) - £o\ p ) dx 

p^0+ P JQ(2:o,p)n{|«-so|<<5/4}n{|Vti-Co|><T} 

<Climsup-/ |Vu(x) -Co| p rfx + — limsup-/ |Vu(or) - £ | ^ = . (4.11) 

p^0+ Jq(xo,p) a P^0+ JQ(x„,p) 
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Let us now treat the integral 1^- Since, for a.e. y 6 M. N , the function f(y, •) is continuous, it 
is uniformly continuous on B dxN (0, M) where M > is given in (4.6). Define the modulus of 
continuity of f(y, •) over B dxN {0, M) by 

u;(y, t) := sup{|/( ? y, - f(y, ?)\ : £, G B d * N (0, M) and < i} . 

It turns out that •) is increasing, continuous and co(y, 0) = 0, while t) is measurable (since 
the suprcmum can be restricted to all admissible £ and £' having rational entries) and 1-periodic. 
Thanks to (4.7) and (4.8) we get that 



f(-,Vu k (x)\ -f[—,V<p k ( x ) 



V^fe 



< U) 



for a.e. x G Q{x ,p) n {|u - s \ < 6/4} n {|Vu - £ | < 0"}. 

Integrating over the set Q(xo,p) n {|u — s | < 5/4} n {|Vu — £o| < o - }, and taking the limit as 
k — > +oo, we obtain in view of the Riemann-Lebesgue Lemma that 



lim sup p N j 



Q(x ,p)n{\u-s \<&/i}n{\Vu-^o\<a} 



f[-,Vu k (x))-f[-,V<p k (x) 



< lim sup p 

k^+oc 



-N 



lu I — , C\o ) dx 

Q(x ,p) \ £ k 



Q 



dx < 
uj(y,da)dy, 



where we have used the fact that y i— > u)(y, C\o) is a measurable 1-periodic function. Observe that 
the Dominated Convergence Theorem together with u>(y, 0) = implies 



lim / u{y, C\o) dy = . 



We have obtained 



I 2 < lim sup lim sup ■ 



1 

In 



f ( — , Vipk I dx+ / uj{y,Ci<r)dy . 



(4.12) 



(4.13) 



p^0+ fe^ + oo P jQ(xo,p) \ £ k / JQ 

Using the definition of ipk and the Riemann-Lebesgue Lemma, we infer from (4.2) that 
lim sup lim sup f f ( — , £ + V<£ ( — J J rfa; = 

p^0+ fe^ + oo P JQ(x„ ;P ) \ £ kj J 

= 4 f(.y,So + V<p(y))dy <Tf hom ( So ,a )+ri- (4.14) 
Hence gathering (4.9), (4.10), (4.11), (4.13) and (4.14) we deduce that 



Thanks to (4.12), the thesis follows sending first a — > 0, and then 77 — > 0. 



□ 



5. The lower bound 

We now investigate the T-liminf inequality still through the blow-up method. In contrast with 
Lemma 4.1 we will distinguish energies with superlinear growth and energies with linear growth. 
We will conclude this section with the proofs of Theorems 1.1 and 1.2. 
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5.1. The case of superlinear growth 

The case p > 1 is based on an equi-integrability result known as Decomposition Lemma [17, 
Lemma 1.2], which allows to consider sequences with p-equi-integrable gradients. It enables to use 
properties valid up to sets where the energy remains small. 

Lemma 5.1. Assume p G (1, +oo). Then J-(u) > !Fhom(u) for every u G M /1 ' p (fi; M.) . 

Proof. Let u G TU 1,p (f2; A4). By a standard diagonal argument, we first obtain a subsequence 
{e„} (not relabeled) and {u n } C W 1,P (Q; M) such that u n -> u in Z7(f2;K d ) and 



T{u) = lim / /( — , Vu„ ) dx < +oo . 

n^+ooj n \e n J 



Define the sequence of nonnegative Radon measures 

Pn : =/( — .Vll^^Lfl. 

Extracting a further subsequence if necessary, we may assume that there exists a nonnegative 
Radon measure fi G A4(£l) such that fi n — ^ \x in M(fl). Using Lcbcsguc Differentiation Theorem 
one can split /i into the sum of two mutually disjoint nonnegative measures /i = /i a + fx s where 
p a <C C N and p s is singular with respect to C N . Since p a (Q) < fi(fl) < T(u), it is enough to check 
that 

(x ) > Tf hom (u(x ), V«(io)) for C n -&.g. x G Q, . 



dC N 



Step 1. Select a point x G £1 which is a Lebesgue point of u and Vu, a point of approximate 
differentiability of u (so that u(x ) G .A4, Vu(a; ) G [T u r X0 \(A4)] N ), and such that the Radon- 
Nikodym derivative of \i with respect to the Lebesgue measure C N exists and is finite. Note that 
almost every points xo in Q satisfy these properties. As in the proof of Lemma 4.1, set so := u(xo) 
and £o : = Vu(xo). 

Let {pk} \ + be such that p(dQ(x , pk)) = for every k G N. Using the integrand / defined 
in (2.1) one obtains 

dp. i s ,. KQ( x o,Pk)) 
-(a; ) = , hm ^ 



Pn{Q(xo,Pk)) 



lim lim 



= lim lim / / ( — — — , Vu n (x + Pky) ) dy 

fe^+oc n^+oo J q \ £ n J 

= lim lim / / ( ° PkV ,u n (x + p k y),Vu n (x Q + p k y)) dy 

fc^+oo n^+oo Jq \ S n J 

= lim lim / / ( X ° + PkV , s a + PkV n ,k(y)^ v n,k(y)) d V , 

fe^+oc rw + oo J Q \ £ n J 



where we have set v n ,k(y) '■= [u n (%o + PkV) — s o] / Pk- Note that since xq is a point of approximate 
differentiability of u and u n — > u in L p (tt; R d ), we have 

lim lim / = 1- / Hv) - * ^= ^ 4, = 0. 

Hence one can find a diagonal sequence := e„ fc < p| such that, setting Vk(y) ■= v nk ,k(y) and 
v o(y) ■= £,oV, Vk «o m £ p (<2;R d ) and 

rf M , \ ,. f r f x o + PkV 



dC N 



(x ) = lim / /( ° PkV ,s + p k v k (y),Vv k (y))dy. (5.1) 
k^+coJ Q \ e k ) 
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Next observe that {Vffc} is bounded in L p (Q;M. dxN ) thanks to the coercivity condition (2.2). By 
the Decomposition Lemma [17, Lemma 1.2] we now find a sequence {vk} C W l oo (Q; R d ) such 
that Vk — vo on a neighborhood of dQ, Vk — > v in L p (Q;R d ), the sequence of gradients {|Vvfc| p } 
is equi-integrable, and 



lim / 



f { — — —,s + PkVk(y), Vwfe(y) ) dy 

Q \ £ k 



Step 2. Write 



and define 



> limsup / / [ ° + PkV ,s + PkVk(y),^v k (y) ) dy . (5.2) 

fc^+oc JQ \ £k 



— = nik + 3k with m/j G Z N and G [0, 1)^ . 

£k 



x k := — Sk — > and 5 fe := e^/pfe — > . 
Pk 

By the 1-periodicity of / with respect to its first variable, (5.1) and (5.2), we infer 

4fw ( x o )> limsup [ f ( Xk ^ V , s + pkVk(y),S7vk(y)] dy 
dL N fe^+oc Jq \ °k J 



lim sup / 

k^+oc Jx 



>limsup/ f [ ^-,s a + p k v k (y ~ x k ),Vv k (y - x k ) ) dy . (5.3) 



Xk+Q 



\Sk 



Extend Vk by 0, and Vk by w to the whole R N . As Xfe — > it follows that C N ((Q — Xk)AQ) — ► 0, 
and the equi-integrability of {|Vu/c| p } together with the p-growth condition (2.2) implies 

/ f[T-,So+PkVk{y-Xk),Vv k {y-x k ))dy<p' I (1 + \X7v k \ p ) dy ^ . 

J QA(x k +Q) \°k J J(Q-x k )AQ 

Hence (5.3) yields 

(x ) > limsup [ f [ ^-,s + pkWk,Vwk) dy , (5.4) 
fe^+oo Jq \Ok J 

where w fe (y) := w fe (y - Zfc) and w k (y) ■= v k (y - x k ) converge to v in L p (Q;M. d ), and {|Vw fe | p } is 
equi-integrable as well. 

Step 3. For M > 1 and fe G N, consider the set E M ,k ■= {x G Q : \Vw k \ < M}. By Chebyschev 
inequality, (5.4) and (2.2), C N (Q \i?M,fc) < C/M p for some constant C > independent of k and 
M. 

By the Scorza-Dragoni Theorem (see [14], p. 235), for any i] > 0, we may find a compact set 
K n C Q such that C N (Q \ K„) < r\ and / : K n x K dxAr — > [0, +oo) is continuous. In particular the 
restriction of /(•, s, •) to AT I( x B dxN (0, M) is uniformly continuous for every s G M. Therefore the 
function "J^m ■ [0, +oo) — > [0, +oo) defined by 

*,,m(*) = sup I I : eB d * N (0,M), |C — CI < *} , 

is continuous, satisfies ^^(O) = 0, and is bounded. In view of (2.1), we have 

\f(y,si,0-f(y,s2,0\ < *,,M(M|p ai -p S2 |) +c m \p s1 -p S2 | == ^,m(|p s1 -p S2 |) 

for every y G if,,, si,s 2 G .M and £ G B dxN (0, M), where the constant Cm > only depends on 
M and p. Define 
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Since / is 1-periodic in the first variable, 

l/(»,*i,0-/(y,*2,0l <*„,M(|P ai -P 82 |) (5.5) 

for every y <E K^ CI ', s u s 2 £ M. and £ G 5 dxAr (0, M) . From (5.4) and (5.5) it follows that 
d\i 



, rN -(xo) > limsup / / ( j-,s + p k w k ,Vw k ) 

> limsup / / ( — , s , Vwfc ) dy 

++oo jE M . k n(S k K, 



dy 



fc^+oo JE Mtk n(S k K^') 

-limsup / ^ vM (\Ps 0+PkWk (v) -Ps \) dy . 

fe^+oo JQ 



Since ^ n ,M is continuous and bounded, & v ,m(0) = 0, and (up to a subsequence) P So + Pk w k (y) — ► Ps 
for a.e. y e Q 1 we obtain by Dominated Convergence that 



Jim / ^r,,M{\Ps +p k w k (v) -~P So \)dy = 0, 



and thus 

d\i 



x ) > limsup/ / ( j-,s ,Vw k ) dy. (5.6) 

fe^+oc Jfi Mit n(J t Kr r ) V^fe / 



rf£JV fe^+oc JE M , k n(5 k K»°*) 

From the p-growth condition (2.2) and the Riemann-Lebesgue Lemma, we deduce that 
limsup / f(^, S o,Vw k )dy<\im S upf3 / (l + MP)£ N (Q\(S k K^)) = 

fe^ + oo J E M ,k\(S k K» er ) \°k J k^+oo 

= 0{l + MP)C N (Q \ K v ) < [3'(l + MP)rj . 

Hence (5.6) yields 

-^v(zo) > limsup f f(^,s ^w k \dy-P'{l + MV) n , 

dL" fc^+oc JE M , k \°k J 

and sending r] — > 0, we derive 

TTTtt (^o )> limsup f f ( j-, s , Vu) fe J dy . (5.7) 



Since C N (Q \ EM,k) — > as M — > +oo (uniformly with respect to fc), the equi-integrability of 
{|Vwfc| p } and the p-growth condition (2.2) imply 

SU P / f \T-,s ,Vwk]dy < sup/ (l + |Vw fc | p )dy — >0 asM^+oo. 

fceN JQ\E Mik V"fe / feeN JQ\E Mik 

Plugging this estimate in (5.7) leads to 

dfi 



(xo) > limsup / / I — ,so, Vw/i ) dy . 
k^+oo Jq \o k / 



dC N 

Since w k — > u in L p (Q;R d ), we can invoke standard homogenization results (see, e.g., [8, Theo- 
rem 14.5]) to infer that 

limsup / / ( -j-,s , Vw fe ] dy > / /h m(so, Vu ) = /hom(so, Co) ■ 
fe^+oo Jq \o k J Jq 

In view of Proposition 2.1 we finally conclude 

^T^-(^o) > /hom(so,Co) = Tfh om (so, £o) j 

and the proof is complete. □ 
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5.2. The case of linear growth 

We now treat the case p = 1 assuming that the function u belongs to W 1 ' 1 ^; M). In contrast 
with the case p > 1, there is no equi-integrability result as the Decomposition Lemma. We follow 
here the approach of [15]. 

Lemma 5.2. Assume p = 1. Then T(u) > F\io m (u) for every u G W 1 ' 1 (Q;M). 

Proof. Let u G W 1 ' 1 (fl;M). By a standard diagonal argument, we first obtain a subsequence 
{e„} (not relabeled) and {u n } C W 1 ' 1 (VL;M) such that u n — ► u in L^O;!^) and 

T(u) = lim / f ( — , Vm„ ] dx < +oo . 

Up to the extraction of a further subsequence, we may assume that there exists a nonnegative 
Radon measure p G .M(f2) such that 

/^-,Vu„j ^LO-^/j inAi(O). (5.8) 

Hence it is enough to prove that p(U) > Jhom(f). As in the proof of Lemma 5.1, it suffices to show 
that 



(so) > Tf hom (u(x ), Vu(io)) for £ -a.e. x G f2 . 



The proof will be divided into three steps. We first apply the blow-up method which reduces the 
study to affine limiting functions. Then we reproduce the argument of [15] which enables us to 
replace the original sequence by a uniformly converging one without increasing the energy. We will 
conclude using a classical homogenization result. 



Step 1. Select a point xq G SI which is a Lebesgue point of u and Vu, a point of approximate 
differentiability of u (so that u(x ) G A4, Vu(xq) G [T u ( Xo ) (M)] n ) and such that the Radon- 
Nikodym derivative of p with respect to the Lebesgue measure C N exists and is finite. Note that 
/^-almost every points xo in satisfy these properties. We write so : = u(xq) and £o := Vu(xo). 

Up to a subsequence, we may assume that there exists a nonnegative Radon measure A G 
M(Q) such that (1 + \Vu n \)C N i. Q — ^ A in A4(fl). Consider a sequence {pk} \ + such that 
Q(xo,2pk) C and p(dQ(x , Pk)) — ^{dQ(x 0l pk)) = for each k G N. Then (5.8) yields 

p(Q(x ,pk))= lim / / I — , Vu n ) dx. (5.9) 

Set r n := e n [x /e n ] G e n Z N . Since r„ ->■ x , given r G (1,2) we have Q(r n , p k ) G Q(x ,rp fc ) 
whenever n is large enough, and we may define for x G Q(0, p/c), ti n (i) := u n (x + T n ). By continuity 
of the translation in L 1 , we get that 

/ \v n (x) - u(x + x )\ dx = / |u n (s) - u(x + x - t„)| dx 

JQ(0, Pk ) JQ(r n ,p k ) 

< / \u n (x) — u(x + xo — T n )\ dx — ► 0. (5.10) 

jQ(xo,rp k ) n ^+°° 



Changing variable in (5.9) and using the periodicity condition (Hi) of /(■,£) and the growth 
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condition (H 2 ), we are led to 

p(Q(x , p k )) = lim / / ( X + T " , Vm»(x + r») ) dx 

™^ + °° JQ(xo-r n ,p k ) \ £ n / 



lim / •/"("""' Vw « ) ^ x 

*+°°jQ(x -T n ,p k ) \ £ n 



X 



/ , Vv n ) dx , 

IQ(0,p k ) \ £ n 



> lim sup / / ( — , Vw„ ) dx — 

n^+oo jQ(a,p k ) \ £ n J 

— /31imsup / (l + |Vw„|)dx. 

n->+oc JQ(t„, /)| ,)\Q(xo ; pO 

On the other hand, by our choice of p kl 

limsup / (1 + |Vu„|) dx < limsup limsup / (1 + | Vu n \) dx 

n^+oc JQ(T n ,p k )\Q(x ,p k ) r^l+ n^+oo J Q(x ,rp k )\Q(x ,p k ) 

< limsup A [Q(x a ,rp k ) \ Q(x a ,p k )) 

< X(dQ(x 0l p k )) = 0, 
so that the last term in (5.11) vanishes. Hence 

p(Q(x ,p k )) > limsup / 

ra— >+oo J Q[ 

where {v n } C VK M (Q(0, p k ); M) satisfies «„ -> w(x + •) in ^(^(O, p fc ); R d ) by (5.10). 

Now we consider for every n, a sequence C C°°((3(0, p^); R d ) such that v„.j — > v n in 

VF 1,1 (Q(0, pfc); R d ), w nj — ► v n and Vv„j — > Vw„ a.e. in Q(0,p k ) as j — ► +oo (wc emphasize that 
in general, v n j is not -valued). Considering the integrand g given by Lemma 2.1, one may check 

lim / g I -,f n j,Vt) nj ) dx= g( —,v n , Vw„ ) dx = 

= f [ — , Vw„ ) dx, 

jQ(0,p k ) \ £ n J 

so that we can find a diagonal sequence w„ := v n j n satisfying v n — > m(x + •) in L 1 (Q(0, p*;); R d ) 
and 

fJ-(Q(xo,Pk)) > limsup / 5 (— ,w„,Vw„ ) dx . (5.12) 

ra->+oo jQ(0,p k ) \ £ n J 

Changing variable in (5.12) yields 

-jp^(xo) > limsup limsup f g (^—,v n (p k x) i yv n {p k x) \ dx 



= lim sup lim sup / g ( , s + Pk w n ,k, Vra„i ) dx , (5.13) 

where we have set w n ^ k (x) := [w„(pfca;) — Sol/Pfc- Since x is a point of approximate differentiability 
of w and v n — ► u(x + •) in L 1 (Q(0, pfe); R d ), we have 

lim lim / K. fc (x)-Cox|dx= lim / Hv) - S ° (y ~ ^ dy = . (5.14) 
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In view of (5.13) and (5.14), we can find a diagonal sequence e nk < pi such that Wk ■= w nk ,k — > w 
in i 1 (Q; R d ) with w (x) := £ x, and 

{xo) > limsup [ g ( ^-,s + p k Wk,Vwk) dx , (5.15) 



C"- fe^+oo JQ \°k 

where 4 := e nk /pk — » 0. 

Step 2. We now argue as in Step 3 of the proof of [15, Theorem 2.1] to show that there exists 
a sequence {Wk} C W l oo (Q; R d ) such that Wk — > wo m L°°(Q; R d ), {Wk} is uniformly bounded in 
W 1 ' 1 (Q;R d ) and 



(x ) > limsup / g [ ^-,s + p k w k ,Vw k ) dx . (5.16) 

fe^+oc JQ \Ok J 

Given < s < t , let £ S;t S C£°(M; [0, 1]) be a cut-off function satisfying C Sit (r) = 1 if |t| < s, 
C S;t (r) = if |t| > i and '\(' s j\ < C/(t - s). Define 

w s,t : = w o + Cs,t(\ w k - 1V \)(Wk - w ) . 

Obviously, 

\\u>s,t ~ ^o||i,oo(Q ;R d) < i, (5.17) 

and the Chain Rule formula gives 

Vu) s fc ( = Vw + Cs,t(|^fe " w |)(Vw fc - Vw ) + Cs,t(l^fc ~ wo\)(w k - wo) ® V\w k - w \ . (5.18) 
In particular, 



/ 9 ( t-, s o + Pk w k s t , V»s( ) dx = / g ( ^-,s + PkWk,Vw k ) dx + 

JQ \ d k ' J J{\w k -w \<s} \°k J 

+ 9 I T~, so + Pk w k Sit ,Vw k s j ) dx + 

J{s<\w k -w \<t} \°k J 

+ g(^-,so+pkW ,£o)dx. (5.19) 

J{\w k -w \>t} \°k J 

^From the growth condition (2.7), we infer that 

/ g(^,s + PkW ,to)dx<f3 / (l + \t; \)£ N ({\wk-w \>t}), (5.20) 

J{\w k -w \>t} \ d k J 

and (5.18) yields 

/ 9(^-,s + pkW h st ,Vw k st )dx<C (1 + \Vw k -£ \)dx + 

J {s<\w k -w a \<t} \°k / J {s<\w k -w a \<t} 

C f 

+ —— / \w k - w Q \ \V\w k - w \ | dx. (5.21) 



Observe that for £ 1 -a.e. t > 0, 

lim f (l + \Vw k -U)dy <C k lim C N ({s < \w k - w Q \ <t}) =0, (5.22) 

J{s<|«) fc -tuo|<t} 

and by the Coarea formula, 

lim — !— [ \w k - w 1 |V|wfe -w \\dx = 

s-vi t - s 7{ s <|^ fc - Mo |<t} 

= lim J_ / rW^aK-Wol =r})dT = tH jV - 1 ({K-w | = t}) . (5.23) 
t~sj s 
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Moreover, in view of (2.7) and (5.15) we infer that 

/ \X7\w k -w \\dx <C / (I + \Vw k \) dy < C . 

JQ JQ 

( 1/2 1/3 \ 

Applying [15, Lemma 2.6], there exists t k £ [\\w k - w o|| L i ( Q. R(i ), \\w k - w o|| L i(Q ;R<i ) J such that 
(5.22) and (5.23) hold with t = t k , and 



t k H"- 1 ({\w k -w \=t k }) < 



ln(|K-wo|| L iYQ. M<J) ) 
According to (5.22), (5.23) and (5.24), there exists s k £ (\\w k — w o\\]^i ^g. R dytkj such that 



(5.24) 



{s k <\w k -w \<t k } 



(1 + \Vw k - Co\) dx < -, 



and 



1 



\w k - w \ |V|w fc - w \ \dx < 



Co 



{s k <\w k -w \<t k } 



ln(\\w k -wo\\JlQ m ) 



1 

k 



(5.25) 



(5.26) 



while (5.20) together with Chebyshev inequality yields 

/ 9 { j-, so + Pk w , Co ) dy < C\\w k - wofjf?,-^ 

J {\w k -w \>t k } \°k J 



(5.27) 



Define now w k := w^ k t so that w k — > wo in L°°(Q;R d ) by (5.17). Moreover, gathering (5.19), 
(5.21), (5.25), (5.26) and (5.27), we deduce 

limsup / 5 ( 7-7 so + Pk w k , Vw fc ) dx < limsup / g ( s + p k w k ,Vw k ) dx , 

fe^+oo JQ \O k ) fc^ + oo JQ \O k J 

which proves (5.16). The fact that {Vw k } is uniformly bounded in L 1 (Q;R dxN ) is a consequence 
of (5.16) and the coercivity condition (2.7). 

Step 3. Since {HtUfeHioo^.jtd)} and {||Vwfc|| £ i(Q. R dxJv-)} arc uniformly bounded, we derive from 
(2.8) that 



lim 

k^ + oo 



g[ t,so + p k w k , Vuifc - g — , s , Vwfc 



dx = 0. 



In view of (5.16), it leads to 



dp 

dC^ K 



(x ) > lim / g [ ^-,s , \7w k ) dx . 
fe^+oojg \d k J 



Using standard homogenization results (see e.g., [8, Theorem 14.5]) together with (2.10), we finally 
conclude that 



dp 
dC^ 



{xq) > ffhom(so,^o) = T/ hom (s ,Co) • 



which completes the proof of the lemma. 



□ 
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5.3. Proof of Theorem 1.1 and Theorem 1.2 completed 

Since L p (fl;M. d ) is separable (1 < p < +oo), there exists a subsequence {e Uk } such that T is the 
r-limit of {F enk } for the strong LP(Q; M d )-topology (see [13, Theorem 8.5]). 

Case p > 1. In view of (H2) and the closure of the pointwise constraint under strong L p - 
convergence, we have J-{u) < +00 if and only if u G M /1 ' p (r2; M). Hence, as a consequence of 
Lemmas 4.1 and 5.1, the functionals {HF e ~\ T-converge to Fhom in L p (il;R d ). Since the Tdimit 
does not depend on the extracted subsequence, we get in light of [13, Proposition 8.3] that the 
whole sequence {J~ £n } T-converges to Jhom- 

Case p — 1 . As a consequence of Lemmas 4.1 and 5.2, the functionals {T €n } T-converge to Jhom in 
W 1 - 1 (fl;M). Again, the Tdimit does not depend on the extracted subsequence, so that the whole 
sequence T-converges to Fhom in W 1 ' 1 ^; M). □ 
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